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FLEXIBILITY OF NORMAL AFFINE HOROSPHERICAL VARIETIES
SERGEY GAIFULLIN AND ANTON SHAFAREVICH
Abstract. We investigate flexibility of affine varieties with an action of a linear algebraic
group. Flexibility of a smooth affine variety with only constant invertible functions and a
locally transitive action of a reductive group is proved. Also we show that a normal affine
complexity-zero horospherical variety is flexible.
1. Introduction
Let K be an algebraically closed field of characteristic zero. Given an affine algebraic
variety X over K, we consider the group Aut(X) of all regular automorphisms of X . In
general, Aut(X) is not an algebraic group. We say that a subgroup G of Aut(X) is algebraic
if G admits a structure of an algebraic group such that the action G×X → X is a morphism
of algebraic varieties.
All connected algebraic subgroups of Aut(X) are generated by one-dimensional algebraic
tori isomorphic to the multiplicative group Gm of the ground field K and one-dimensional
unipotent subgroups isomorphic to the additive group Ga of K. One-dimensional tori
correspond to Z-gradings of the algebra K[X ] of regular functions on X . One-dimensional
unipotent subgroups correspond to locally nilpotent derivations (LNDs) of K[X ], that is,
linear mappings ∂ : K[X ] → K[X ] such that ∂ satisfies the Leibniz rule ∂(fg) = f∂(g) +
g∂(f) and, for each function f , there exists a positive integer n such that ∂n(f) = 0.
Let us consider the subgroup SAut(X) of special automorphisms of X generated by all
algebraic subgroups in Aut(X) isomorphic to Ga. Recall that a regular point x ∈ X is called
flexible if the tangent space TxX is spanned by tangent vectors to orbits of one-dimensional
unipotent subgroups. We say that a variety X is flexible if all regular points x ∈ X are
flexible. It is easy to see that an automorphism never takes a regular point to a singular
one. Therefore, we obtain an SAut(X)-action on the set of regular points Xreg. Recall that
an action G × X → X is called infinitely transitive if for each positive integer m and for
every two m-tuples of distinct points (a1, . . . , am) and (b1, . . . , bm) there exists an element
g ∈ G such that for all i we have g · ai = bi.
Theorem 1. [4, Theorem 0.1] For an irreducible affine variety X of dimension ≥ 2, the
following conditions are equivalent.
(i) The group SAut(X) acts transitively on Xreg.
(ii) The group SAut(X) acts infinitely transitively on Xreg.
(iii) The variety X is flexible.
Given a class of affine varieties it is a natural question which varieties in this class are
flexible. Let us mention some results in this area. Toric varieties, suspensions over flexi-
ble varieties, and cones over flag varieties are flexible, see [5]. Affine SL2-embeddings and
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smooth affine varieties with locally transitive action of a semisimple group are flexible,
see [4]. Affine complexity-zero horospherical varieties of a semisimple group G are flexible,
see [16]. Recall that a horospherical variety is an irreducible variety with an action of an
algebraic group G such that the stabilizer of a generic point contains a maximal unipo-
tent subgroup of G. A horospherical variety is complexity-zero if G-action on it is locally
transitive.
In this paper we prove that any normal complexity-zero horospherical variety X of any
connected linear group G is flexible, see Theorem 3. This theorem generalizes both the
result of [16] and the result of [5] stating flexibility of toric varieties. Note that we do not
use results of [5] and [16] in our work. So we obtain new proofs of flexibility of toric varieties
and flexibility of normal complexity-zero horospherical varieties of semi-simple groups as
particular cases of Theorem 3. Unlike the case of a semisimple group G, for an arbitrary G
the assumption that X is normal cannot be waived. Indeed, there exists even toric variety,
for example {x2 = y3}, that is not normal and not flexible. Examples of non-normal and
non-flexible toric varieties of higher dimension can be found, for example, in [9].
It is well known that if there are two noncommuting Gm-actions on an affine variety
X , then there is a nontrivial Ga-action on it. Moreover, one can achieve that the LND
corresponding to this Ga-action is homogeneous of nonzero degree with respect to one
of the gradings corresponding to the Gm-actions, see [8], [3]. We prove that even the
existence of a single Gm-action satisfying certain condition implies existence of a nontrivial
Ga-action, see Proposition 3. This allows to study flexibility for some varieties with an
algebraic group action. A connected algebraic group G is generated by a maximal torus
T and one-dimensional unipotent subgroups. The subgroup of Aut(X) generated by all
one-dimensional unipotent subgroups of G is contained in SAut(X). Under the assumption
that X has finitely generated Cox ring we prove that if there exists an SAut(X)-invariant
prime divisor, then there exists a prime divisor which is simultaneously SAut(X)-invariant
and T -invariant, see Proposition 4. Let X be an irreducible affine variety. Proposition 4
implies that SAut(X) has an open orbit in X , if a linear algebraic group G acts on X with
an open orbit U such that codimXU ≥ 2. This implies that X possesses a flexible point.
As we have mentioned above, a smooth irreducible affine varietyX is flexible, if a semisim-
ple group G acts on it with an open orbit, see [4, Theorem 5.6]. We generalize this result
by proving that if a reductive group G acts locally transitive on a smooth affine variety X
with only constant invertible functions, then X is flexible, see Theorem 2. It is interesting
to note that for a linear algebraic group G that is not reductive this assertion fails, see
Example 2.
Let us denote by H ⊆ Aut(X) the group generated by SAut(X) and the torus T . We
prove that X is flexible whenever H acts transitively on Xreg. The latter condition is
satisfied, for instance, in the following case. For every G-orbit O ⊆ X consisting of regular
points there is a non-hyperbolic Gm-subgroup Λ in Aut(X) such that the set of Λ-fixed
points lies in the closure O and contains a regular point, see Proposition 7. Applying this
proposition we prove flexibility of normal complexity-zero horospherical varieties.
The authors are grateful to Ivan Arzhantsev, Roman Budylin and Alexander Gaifullin
for useful discussions.
2. preliminaries
2.1. Cox rings. Here we recall a definition and basic properties of the Cox ring of an affine
algebraic variety X . All proofs can be found in [1].
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Let X be a normal irreducible variety. Recall that a prime divisor on X is an ireducible
closed subset of codimension one. Consider the group WDiv(X) of Weil divisors on X ,
which is the free commutative group generated by prime divisors. We say that a Weil
divisor E is effective and write E ≥ 0, if all coefficients of prime divisors are nonnegative.
To a nonzero rational function f ∈ K(X) one can assign the divisor of zeros and poles
div(f) ∈ WDiv(X). Such divisors are called principle. Principle divisors form a subgroup
PDiv(X) ⊆ WDiv(X). The quotient group Cl(X) = WDiv(X)/PDiv(X) is called the
divisor class group.
For a Weil divisor D on X , one can consider the associated vector space
L(X,D) = {f ∈ K(X) \ {0} | div(f) +D ≥ 0} ∪ {0} .
Definition 1. The divisorial algebra associated to a subgroup K ⊆ WDiv(X) is the K-
graded K[X ]-algebra
SK =
⊕
D∈K
SD, SD = L(X,D),
where the multiplication in SK is defined on homogeneous elements as follows. If f1 ∈ SD1
and f2 ∈ SD2 , then their product in SK is the usual product f1f2 regarded as an element
of SD1+D2. For arbitrary elements the multiplication is defined by the distributive law.
Since SK is K-graded, we have the corresponding action of the torus T = SpecK[K] on
SK and S
T
K = S0
∼= K[X ].
Definition 2. Let X be a normal variety with only constant regular invertible functions
and finitely generated divisor class group Cl(X). Let K be a subgroup of WDiv(X) such
that the map π : K → Cl(X) taking every D ∈ K to its class is surjective. Let K0 be the
kernel of this map, and let χ : K0 → K(X)× be a character (i.e. a group homomorphism
to multiplicative group of the field K(X)) satisfying
div(χ(E)) = E for all E ∈ K0.
Let SK be the divisorial algebra associated to K. Denote by I the ideal of SK generated
by the functions 1−χ(E), E runs through K0, where 1 is homogeneous of degree zero and
χ(E) is homogeneous of degree −E. The Cox ring is the quotient ring RK,χ = SK/I. The
algebra SK is Cl(X)-graded and the ideal I is homogeneous with respect to this grading.
So the Cox ring is also Cl(X)-graded.
The definition of the Cox ring is independent of the choice of K and χ. So we denote
the Cox ring of X simply by R(X).
Let X be a normal affine variety with only constant invertible functions and a finitely
generated divisor class group. Suppose that the Cox ring R(X) is also finitely generated.
Consider the total coordinate space X = SpecR(X). Since R(X) is Cl(X)-graded, we have
a corresponding action of the Neron-Severi quasitorus N(X) = SpecK[Cl(X)] on X . The
total coordinate space X is a normal irreducible affine variety. The variety X is isomorphic
to the categorical quotient X//N(X). The quotient morphism π : X → X is called the Cox
realization of X .
A normal projective variety with finitely generated Cox ring is called a Mori dream space.
We introduce the following terminology. A normal affine variety with finitely generated Cox
ring will be called an affine Mori dream space (AMDS).
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Definition 3. [1, Definition 4.2.3.1] Let X be an AMDS. Let π : X → X be the Cox
realization of X . Given an algebraic group action µ : G × X → X . We say that a finite
epimorphism ε : G′ → G and an action µ′ : G′ × X → X lift the G-action to the Cox
realization, or call (ε, µ′) a lifting of µ if
1) the actions of G′ and N(X) on X commute,
2) the epimorphism ε satisfies π(g′ · x) = ε(g′) · π(x) for all g′ ∈ G′, x ∈ X .
We need the following assertion, which is a particular case of [1, Theorem 4.2.3.2].
Proposition 1. Let X be an AMDS. Let π : X → X be the Cox realization of X. Let G
be a connected affine algebraic group acting on X. Then
1) There exist a finite epimorphism ε : G′ → G of connected affine algebraic groups and
an action µ′ : G′ ×X → X that lift the G-action to the Cox realization.
2) Given a finite epimorphism ε : G′ → G and two G′-actions ◦ and ∗ on X that provide
liftings of G×X → X, there is a homomorphism η : G′ → N(X) with g′ ∗ x = η(g′)(g′ ◦ x)
for all g′ ∈ G′ and x ∈ X.
3) If G is a simply connected semisimple group then there is a lifting (idG, µ
′) of the
G-action to the Cox realization.
4) If G is a torus, then there is a lifting (ε, µ′) of the G-action to the Cox realization with
ε : G → G, g 7→ gb for some b ∈ Z≥1; if in addition Cl(X) is free, then one may choose
b = 1.
2.2. Flexibility. There is a relationship between flexibility of a variety and SAut(X)-
invariants on it. Recall that the Makar-Limanov invariant ML(X) of an affine variety
X is the intersection of the kernels of all locally nilpotent derivations on X. In other
words, ML(X) is the subalgebra of K[X ] consisting of all SAut(X)-invariants. The subfield
FML(X) in the field K(X) of rational functions on X consisting of all rational SAut(X)-
invariants is called field Makar-Limanov invariant.
Proposition 2. [4, Proposition 5.1.] An irreducible affine variety X possesses a flexible
point if and only if the group SAut(X) acts on X with an open orbit and if and only if the
field Makar-Limanov invariant FML(X) is trivial, i.e. FML(X) = K.
The following lemma is well known, see for example [7].
Lemma 1. Let X be an irreducible normal affine variety. Suppose that FML(X) 6= K.
Then there exists an SAut(X)-invariant prime divisor D ⊆ X.
Proof. Suppose that f ∈ FML(X) \ K. Then div(f) is an SAut(X)-invariant divisor. Let
div(f) =
∑n
i=1 aiDi be the decomposition of div(f) into prime divisors (ai 6= 0). Let
Ω ⊆ SAut(X) be a subgroup isomorphic to Ga. Then every ω ∈ Ω permutes the divisors
Di, which yields the homomorphism τ : Ω → Sn. Since Ω ∼= Ga is a connected group, we
obtain that τ is trivial. This implies that each Di is Ω-invariant. 
2.3. Horospherical varieties. We recall some results on horospherical varieties, all proofs
can be found in [14], see also [17].
Let G be a connected linear algebraic group.
Definition 4. An irreducible G-variety X is called horospherical, if for a generic point
x ∈ X the stabilizer of x contains a maximal unipotent subgroup U ⊆ G.
If X contains an open G-orbit, then X is called complexity-zero horospherical. In [14]
affine complexity-zero horospherical varieties are called S-varieties.
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Suppose that X is an affine complexity-zero horospherical variety. It is easy to see that
the unipotent radical of G acts trivially on X . Hence we may assume that G is reductive.
Taking a finite covering, we may assume that G = T × G′, where T is an algebraic torus
and G′ is a semisimple group.
Let O be the open orbit in X . We have the following sequence of inclusions
K[X ] →֒ K[O] →֒ K[G].
Let B be a Borel subgroup of G and let X(B) be the group of characters of B. For a
Λ ∈ X(B) we put
SΛ = {f ∈ K[G] | f(gb) = Λ(b)f(g) for all g ∈ G, b ∈ B} .
Then
SΛSM = SΛ+M .
The set X+(B) of dominant weights consists of all Λ such that SΛ 6= {0}. It is proved in
[14] that for an affine complexity-zero horospherical G-variety X there is a decomposition
K[X ] =
⊕
Λ∈P
SΛ
for some subsemigroup P ∈ X+(B).
Let us consider a Q-vector space V = X+(B)⊗Z Q. Denote by σ the cone in V spanned
by all elements of the semigroup P . The variety X is normal if and only if P is saturated,
i.e. ZP ∩ σ = P . There is a one-to-one correspondence between faces of σ and G-orbits of
X . More precisely, if Y ⊆ X is a G-orbit in X then there is a corresponding face τ of the
cone σ such that the ideal of functions vanishing on Y has the form
I(Y ) =
⊕
Λ∈P\τ
SΛ.
3. Non-hyperbolic Gm-actions and locally nilpotent derivations
Let X be a normal affine irreducible variety. Regular actions of a one-dimensional torus
Gm on X correspond to Z-gradings of the algebra of regular functions
K[X ] =
⊕
i∈Z
K[X ]i.
If there exist i > 0 and j < 0 such that both homogeneous components K[X ]i and K[X ]j are
nonzero, then the Gm-action is called hyperbolic. Suppose a Gm-action is not hyperbolic.
Then we may assume K[X ] =
⊕
i≥0K[X ]i. If K[X ]0 = K, then the Gm-action is elliptic. If
K[X ]0 6= K, then the Gm-action is parabolic. Further all elliptic and parabolic actions are
called non-hyperbolic. We assume that K[X ]i = {0} for all i < 0 in this case.
Let us concider a non-hyperbolic Gm-action. We have a natural Gm-invariant ideal
I =
⊕
i>0K[X ]i in K[X ]. Let Z be the zero locus of I. Then for every x ∈ X there exists
limt→0 t · x ∈ Z. The variety Z is the set of Gm-fixed points.
Proposition 3. Let Z be the set of Gm-fixed points for a non-hyperbolic Gm-action on a
normal affine irreducible variety X. Assume Z ∩ Xreg 6= ∅. Then Zreg ∩ Xreg 6= ∅ and
for every z ∈ Zreg ∩Xreg the tangent space TzX is spanned by TzZ and tangent vectors to
orbits of regular Ga-actions on X.
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Proof. We have K[Z] ∼= K[X ]0. Therefore, Z is irreducible. Two nonempty open subsets
Xreg ∩ Z and Zreg have nonempty intersection. Let z be a point in Zreg ∩ Xreg. Denote
by mz the maximal ideal in K[X ]0 ∼= K[Z] corresponding to z. Then the maximal ideal in
K[X ] corresponding to z is Mz = mz ⊕ I(Z). Denote dimZ = k, dimX = k+n. Since z is
a regular point of Z, we have k = dimZ = dim(mz/m
2
z). Let h1, . . . , hk ∈ mz be functions
such that their images in mz/m
2
z give a basis. Since z is a regular point of X , we obtain
n+ k = dimX = dim
(
Mz/M
2
z
)
.
We have
Mz/M
2
z = (mz ⊕ I(Z))/(mz ⊕ I(Z))
2 = mz/m
2
z ⊕
(
I(Z)/(mzI(Z) + I(Z)
2)
)
.
Therefore, we can take f1, . . . , fn ∈ I(Z) such that images of {h1, . . . hk, f1, . . . , fn} give a
basis ofMz/M
2
z. We can assume f1, . . . , fn to be Z-homogeneous. Then h1, . . . hk, f1, . . . , fn
are algebraically independent. Hence, {h1, . . . hk} is a transcendence basis of K[X ]0 and
f1, . . . , fn are algebraically independent over K[X ]0. Let A = K[X ]0[f1, . . . , fn]. The Z-
grading of K[X ] induces a Z-grading on A.
Lemma 2. Let δ be a homogeneous LND of A such that deg(δ) < 0. Then there exists
s ∈ K[X ]0 such that sδ can be extended to an LND of K[X ].
Proof. Since K[X ] is an algebraic extension of A, the derivation δ can be extended to a
derivation K[X ]→ K(X), see [12, Section 2.3].
Let g1, . . . , gm be homogeneous generators of K[X ]. Let us prove that for each non
negative integer u there is su ∈ K[X ]0 such that suδ(gi) ∈ K[X ] for all gi in K[X ]j , where
j ≤ u. We proceed by induction on u ∈ Z≥0.
Base of induction, u = 0. If gi ∈ K[X ]0, then δ(gi) = 0. So, we can take s0 = 1.
Step of induction. Denote ρ = su−1δ. If gi ∈ K[X ]u ⊆ I(Z), we have
gi = a1f1 + . . .+ anfn + Fi +Gi, (1)
where aj ∈ K, Fi ∈ mzI(Z), Gi ∈ I(Z)
2. Let gi1 , . . . , gil be all gi in K[X ]u. Then we can
assume Fi = p1gi1 + . . .+ plgil, where pj ∈ mz. Using equations of the form (1) we obtain
gil =
∑n
j=1 ajfj + Fil + p1gi1 + . . .+ pl−1gil−1
1− pl
.
Let us consider the localization B = K[X ](K[X]0\mz). We have
gil =
n∑
j=1
a˜jfj + G˜il +
l−1∑
t=1
p˜tgit ,
where a˜j =
aj
1−pl
∈ B, G˜il =
Gil
1−pl
∈ I(Z)2(K[X]0\mz), p˜t =
pt
1−pl
∈ mz(K[X]0\mz).
Then we can substitute this to all the other equations of the form (1). And so on until
we obtain an equation with only one gi1 .
gi1 =
n∑
j=1
âjfj + Ĝ,
where âj ∈ B, Ĝ ∈ I(Z)
2
(K[X]0\mz)
. Hence,
gi1 =
∑n
j=1 ajfj +G
P
,
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where aj ∈ K[X ]0, G ∈ I(Z)
2, P ∈ K[X ]0 \mz . Therefore,
ρ(gi1) =
∑n
j=1 ajρ(fj) + ρ(G)
P
.
Hence, Pρ(gi1) ∈ K[X ]. Analogically we obtain functions P1 = P, P2, . . . Pl in K[X ]0 \ mz
such that Pjρ(gij) ∈ K[X ]. Then we can take su =
(∏l
j=1 Pj
)
su−1.
Since the number of gi is finite, we can take
u0 = max{u | ∃gi ∈ K[X ]u0}.
Then for s = su0 there exists a derivation ∂ of K[X ], which extends sδ. It is easy to see,
that deg ∂ = deg δ. Since deg ∂ < 0, it is locally nilpotent. Lemma 2 is proved. 
Let us consider n LNDs δ1 =
∂
∂f1
, . . . , δn =
∂
∂fn
of A. We have n LNDs ∂1, . . . , ∂n on K[X ],
which are extensions of derivations s1
∂
∂f1
, . . . , sn
∂
∂fn
of A. Let us denote ϕj(t) = exp(t∂j).
We have
TzX ∼=
(
Mz/M
2
z
)∗
= 〈h1 +M
2
z, . . . , hk +M
2
z, f1 +M
2
z, . . . , fn +M
2
z〉
∗.
By definition ∂j(hp) = 0, ∂j(fj) = sj, ∂j(fi) = 0 for all i 6= j. Since sj ∈ K[X ]0 \ mz, we
obtain ∂j(hp)(z) = 0, ∂j(fj)(z) 6= 0, ∂j(fi)(z) = 0 for all i 6= j. That is tangent vector of
ϕj(t) · z is proportional to the dual basis vector to fj +M
2
z. Therefore, dual basis vectors
to hi +M
2
z are in TzZ and dual basis vectors to fj +M
2
z are tangent vectors to Ga-orbits.
Proposition 3 is proved. 
Proposition 3 implies the following two assertions.
Corollary 1. Under the assumptions of Proposition 3, the set Z is not SAut(X)-invariant.
Corollary 2. Under the assumptions of Proposition 3, assume z ∈ Zreg ∩ Xreg. If the
tangent space TzZ is generated by tangent vectors to Ga-orbits for algebraic Ga-actions on
X, then z is a flexible point of X.
4. Sufficient conditions of possessing a flexible point
For many important classes of varieties we know some natural automorphisms of each
variety for this class. In typical situation this set of natural automorphisms contains some
Ga-actions and some Gm-actions. Often known Ga-actions on a variety X are not sufficient
to prove possessing a flexible point. In this section we elaborate some technique, which
allows to prove possessing of a flexible point using not only Ga-actions but also an action
of an algebraic torus, i.e. commuting set of Gm-actions.
More precisely, we prove that if the group H generated by SAut(X) and a torus T acts
on an AMDS X with an orbit O such that codimension of X \O in X is at least 2, then X
possesses a flexible point. The idea is to find an H-semi-invariant nonconstant function in
condition that FML(X) 6= K. If ML(X) 6= K we can consider the T -action on ML(X) and
find a nontrivial semi-invariant. The problem is that T -action on FML(X) a priori can be
non regular. We use Cox rings to overcome this difficulty.
Proposition 4. Assume T is a torus acting on an AMDS X. Let H be the subgroup in
Aut(X) generated by T and SAut(X). Assume X does not possess a flexible point. Then
there is an H-invariant prime divisor D ⊆ X.
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Proof. Since R(X) is finitely generated, we can consider the total coordinate space X.
Let us denote by A˜ut(X) the group of automorphisms of X that normalize the subgroup
N(X) →֒ Aut(X).
By [2, Theorem 5.1] we have the following exact sequence
1 −→ N(X)
α
−→ A˜ut(X)
β
−→ Aut(X) −→ 1 (2)
By Proposition 1(4) there is a T -action on X lifting the T -action on X . That is, we have
a subgroup S ∼= T in β−1(T ) ⊂ A˜ut(X).
Since X does not possess a flexible point, by Lemma 1 there is a prime SAut(X)-invariant
divisor D0 ⊆ X .
Case 1 The divisor D0 is principle. Then D0 = div(f), where f is SAut(X)-semi-
invariant. Since SAut(X) is generated by unipotent subgroups, each SAut(X)-semi-
invariant is invariant. Therefore, f ∈ ML(X) \ K. Since SAut(X) is a normal sub-
group of Aut(X), ML(X) is Aut(X)-invariant subring, in particular ML(X) is T -invariant.
Then ML(X) is a direct sum of T -weighted spaces. Hence, there is a T -semi-invariant
p ∈ ML(X) \ K. Then div(p) is an H-invariant divisor. Then each prime divisor in
Supp(div(g)) is H-invariant.
Case 2. The divisor D0 is not principle. Consider a finitely generated group K ⊆
WDiv(X) from Definition 2. We can assume D0 ∈ K. Let us take
f = 1 ∈ L(X,D0).
Consider the image f of f in R(X) = K[X ]. Since D0 is not principle, we have that
f /∈ K. Let us consider Γ = β−1(SAut(X)).
Lemma 3. The element f is Γ-semi-invariant.
Proof. Any automorphism ψ ∈ SAut(X) defines the automorphism of the group WDiv(X).
The group ψ(K) is also finitely generated and the map ψ(K) → Cl(X) is surjection. The
dual map ψ∗ maps the space L(X,D) to the space L(X,ψ(D)) where D ∈ WDiv(X).
So we have a homomorphism of algebras SK → Sψ(K) sending f ∈ R(X) to itself. At
homogeneous elements this homomorphism coincides with ψ∗.
Consider a character χ as in Definition 2. It is easy to see that the mapping ψ∗ induces
a mapping of Cox rings RK,χ and Rψ(K),ψ∗◦χ. But the Cox rings RK,χ and Rψ(K),ψ∗◦χ are
isomorphic as Cl(X)-graded algebras. Moreover, there is an isomorphism of graded algebras
τ : Rψ(K),ψ∗◦χ →RK,χ such that its restriction to R0 = K[X ] is the identity mapping. Since
ψ(D0) = D0 the isomorphism τ multiplies the space L(X,D0) by some element of K \ {0}.
The composition of ψ and τ gives an automorphism ψ of RK,χ which is equal to ψ on
RK,χ(X)0 and ψ(f) = cf where c ∈ K \ {0}. So f is a semi-invariant with respect to the
automorphism ψ.
It is easy to see that f is a semi-invariant with respect to the action of the group N(X).
But it follows from exact sequence (2) that the group Γ is generated by the subgroup N(X)
and automorphisms ψ where ψ ∈ SAut(X). So f is a semi-invariant with respect to the
group Γ. 
It follows from Lemma 3 that R(X)(Γ) 6= K. Let R(X)ξ be a Γ-weighted subspace
corresponding to ξ ∈ X(Γ).
Lemma 4. The subspace R(X)ξ is T -invariant.
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Proof. Since SAut(X) is normal in Aut(X) then Γ is normal in A˜ut(X). Let h ∈ R(X)ξ,
t ∈ T , g ∈ Γ. Then
g · (t · h) = t · (t−1 · (g · (t · h))) = t · (gˆ · h) = t · ξ(gˆ)h = ξ(gˆ)(t · h),
where gˆ is an element of Γ. Therefore, t·h is a Γ-semi-invariant. We obtain a homomorphism
T → Aut(X(Γ)). Since T is connected, this homomorphism is trivial. 
The action of the group T on R(X) is rational. Therefore, for every ξ ∈ X(Γ), R(X)ξ is
a direct sum of T -weighted spaces. Since R(X)(Γ) 6= K, there is q ∈ R(X) \ K, which is a
Γ-semi-invariant and a T -semi-invariant.
Let us consider the divisor div(q) ⊆ X . This divisor is Γ-invariant. Hence, it is
N(X)-invariant. Therefore, π(supp(div(q))) is a divisor. Consider a prime divisor D in
supp(div(q)). The divisor D = π(D) lies in the support of the divisor π(supp(div(q))).
Since H is generated by connected algebraic subgroups, D is H-invariant.
Proposition 4 is proved. 
Lemma 5. Let X be an AMDS. Suppose H acts transitively on Xreg. Then X is flexible.
Proof. Suppose X has no flexible points. By Proposition 4 there exists anH-invariant prime
divisor D on X . Since X is normal, D ∩ Xreg 6= ∅. Therefore, we obtain a contradiction.
Hence, there is a flexible point on X . But since H acts on Xreg transitively, we obtain that
all regular points on X are flexible, that is X is flexible. 
5. Varieties with a linear algebraic group action
In this section we use technique of the previous one to prove flexibility of some classes of
varieties. To prove flexibility of a variety we need some natural automorphisms of X . An
action of a linear algebraic group often gives these automorphisms.
Proposition 5. Let X be an AMDS. Let a linear algebraic group G acts on X with an
open orbit O. Suppose codimXX \O ≥ 2. Then O consists of flexible points.
Proof. Denote by T the maximal torus in G. Let H be the subgroup in Aut(X), generated
by SAut(X) and the image of T in Aut(X). We have G ⊆ H .
Suppose X does not possess a flexible point. Then by Proposition 4 there exists an H-
invariant prime divisor D ⊆ X . Since G ⊆ H , the divisor D is G-invariant. A contradiction.
Hence, X possesses a flexible point. Therefore, by [4, Corollary 1.11] there exists an open
subset U ⊆ X consisting of flexible points. So there is a flexible point in O. Therefore, all
points in O are flexible. 
If G is a reductive group, then the condition that X is AMDS is always satisfied. Indeed,
the following assertion extends results due to Knop [10] to Cox rings.
Proposition 6. [4, Theorem 4.3.1.5] Let G be a connected reductive algebraic group and X
be an irreducible normal unirational G-variety of complexity c(X) ≤ 1 with only constant
invertible global functions. Then the divisor class group Cl(X) and the Cox ring R(X) are
finitely generated.
If G acts on X with an open orbit, then X is rational and hence it is unirational. So,
each irreducible normal affine variety X admitting only constant invertible functions with
locally transitive action of a reductive group G is AMDS.
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Theorem 2. Let X be a smooth irreducible affine variety with only constant invertible
regular functions. Assume a reductive algebraic group G acts on X with an open orbit.
Then X is flexible.
Proof. Let Z be the unique closed orbit in X . The stabilizer of a point on this orbit is
a reductive subgroup S ⊆ G, see [15, Theorem 4.17]. Moreover, it follows from Luna’s
Etale Slice Theorem that there is a finite dimensional rational S-module W such that the
variety X is G-equivariantly isomorphic to the total space G ∗S W of the homogeneous
vector bundle over G/S with the fiber W , see [15, Theorem 6.7].
Consider an elliptic Gm-action on W via homoteties. It commutes with the S-action.
Therefore, it induce a non-hyperbolic action on X with the set of fixed points equal to Z.
Denote by T the image of Gm in Aut(X). Let H be the group generated by SAut(X)
and T . Let z ∈ Z. By Proposition 3 the tangent space TzX is spanned by TzZ and tangent
vectors to Ga-orbits.
Suppose X does not possess a flexible point. Then by Proposition 4 there is an H-
invariant divisor D ⊆ X . Therefore, D is G-invariant. Since Z is the unique closed G-orbit
in X , we have Z ⊆ D. Hence, TzZ ⊆ TzD. Since D is SAut(X)-invariant, we have that
all tangent vectors to Ga-orbits at z lies in TzD. Therefore, TzZ and tangent vectors to
all Ga-orbits of z spans a subspace in TzD. A contradiction. Hence, X possesses a flexible
point.
By Proposition 2 the group SAut(X) acts on X with an open orbit O. This open orbit
consists of all flexible points onX , see [4, Corollary 1.11]. Suppose, O 6= X . ThenD = X\O
is a nonempty closed Aut(X)-invariant subset. In particular, D is H-invariant. This gives
a contradiction as above.

Example 1. Consider the hypersurface X in K5 given by
y11x
2
1 + 2y12x1x2 + y22x
2
2 = 1,
It can be written in the following way(
x1 x2
)(y11 y12
y12 y22
)(
x1
x2
)
= 1
It is easy to see that X is smooth. We can take a symmetric bilinear functions f on a vector
space K2 with matrix (yij) and a vector v = (x1, x2). Then f(v, v) = 1. The group GL2(K)
acts on the set of pairs (f, v) by linear changing of basis. There are two GL2(K)-orbits on
X . Orbit consisting of pairs (f, v) with non-degenerate f is an open one. Therefore, X is
flexible.
The condition that G is reductive cannot be waived in Theorem 2. Let us give an example
of a smooth irreducible affine variety having only constant invertible functions with a locally
transitive action of Gm ⋌Ga which is not flexible.
Example 2. Let X = {xy2 = z2 − 1} be a Danielewski surface. It is easy to see that X is
smooth. The Makar-Limanov invariant of X equals K[y], see [11], therefore, X is not flex-
ible. If X admits a nonconstant invertible function f , then f ∈ ML(X) = K[y]. Therefore,
f(y)g(y) = 1. This is not possible if f or g is not a constant. So, X is a smooth irreducible
affine variety with only constant invertible functions, which is not flexible. Consider the
following action of Gm ⋌Ga on X
(t, s) · (x, y, z) = (t2(x+ 2zs + s2y2), t−1y, z + sy2).
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The set O = {p ∈ X | y(p) 6= 0} is the open orbit.
Proposition 7. Suppose a linear algebraic group G acts on an AMDS X. Assume for
each G-orbit O ⊆ X consisting of regular points there is a non-hyperbolic Gm-subgroup Λ
in Aut(X) such that the set of Λ-fixed points lies in the closure O and contains a regular
point. Then X is flexible.
Proof. Suppose X does not possess a flexible point. Let T be a maximal torus in G. Denote
by H the group generated by SAut(X) and T . Then by Proposition 4 there exists an H-
invariant prime divisor D. Since X is normal, codimension of the set of singular points is at
least 2. Therefore, D contains a regular point. The divisor D is G-invariant. Therefore, D
contains an orbit O consisting of regular points. There is a non-hyperbolic Gm-subgroup Λ
in Aut(X) such that the set of Λ-fixed points L lies in the closure O and contains a regular
point. Fix a regular point p ∈ L. All tangent vectors to Ga-orbits at p lies in TpD. This
contradicts to Proposition 3. Hence, X possesses a flexible point.
Let U be the set of all flexible points of X . It is an open nonempty subset of X ,
see [4, Proposition 1.11]. Suppose there exists a regular point p ∈ X \ U . Then D =
X \ U is a proper closed Aut(X)-invariant subset containing a regular point. We obtain a
contradiction as above. Therefore, X is flexible. 
Let us use Proposition 7 to give a new proof of flexibility of normal affine SL2(K)/µm-
embeddings, see [4, Theorem 5.7] for original proof.
Example 3. Let X be a normal irreducible three-dimensional affine variety with a locally
transitive SL2(K)-action. Such varieties were classified by Popov in [13]. If X ∼= G/H
is homogeneous, then it is flexible by [4, Proposition 5.4]. According to [13], a normal
non-homogeneous affine SL2-threefold with an open orbit is uniquely determined by a pair
(h,m), where m is the order of generic stabilizer and h = p/q ∈ (0, 1] ∩ Q is the so called
height of X . The generic stabilizer is a cyclic group µm. The variety X corresponding to
a pair (h,m) is denoted by Eh,m and is called a normal affine SL2(K)/µm-embedding of
height h. If h = 1, then X is smooth and it is flexible by [4, Theorem 5.6].
Batyrev and Haddad [6] describe the Cox realization of Eh,m with h < 1. Assume that p
and q are coprime positive integers. Denote
a = m/k, b = (q − p)/k, where k = gcd(q − p,m).
Consider a hypersurface Db = {y
b = x1x4 − x2x3}. There is an SL2(K)-action on this
hypersurface(
α β
γ δ
)
· (x1, x2, x3, x4, y) = (αx1 + βx2, γx1 + δx2, αx3 + βx4, γx3 + δx4, y).
Let µa be a cyclic group generated by a primitive root of unity of degree a. Then Eh,m
is SL2-equivariant isomorphic to categorical quotient of the hypersurface Db modulo the
diagonal action of the group N = Gm × µa via
(t, ξ) · (x1, x2, x3, x4, y) = (t
−pξ−1x1, t
−pξ−1x2, t
qξx3, t
qξx4, t
ky).
There are three SL2-orbits on Eh,m if h < 1. Two of them, the open one and the two-
dimensional one, are regular. The third one is a singular SL2-fixed point. The inverse image
of the closure of two-dimensional orbit in Db is the set {y = 0}.
Let us consider the following Gm-action on Db
t · (x1, x2, x3, x4, y) = (t
px1, t
qx2, t
−qx3, t
−px4, y).
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This action commute with N -action. Hence, it induces a Gm-action on Eh,m. Let us denote
the corresponding Gm-subgroup of Aut(Eh,m) by Λ.
The algebra of N -invariants is spanned by monomials of the form xs1x
u
2x
v
3x
w
4 y
z, where{
−ps− pu+ qv + qw + kz = 0,
a | (−s− u+ v + w).
(3)
The Λ-weight of such a monomial equals
τ = sp+ uq − vq − wp.
Using the first equation from (3) we obtain
τ = u(q − p) + w(q − p) + kz ≥ 0.
Therefore, the Λ-action on Eh,m is non-hyperbolic. If τ = 0, then z = 0, hence, the set
of Λ-fixed points lies in the closure of the two-dimensional SL2-orbit. The point P =
(x1, x2, x3, x4, y) = (1, 0, 1, 0, 0) ∈ Db lies in the inverse image of the set of Λ-fixed points.
Consider the following N -invariant f = xaq1 x
ap
3 . We have f(P ) 6= 0. Therefore, P is not
in the inverse image of the singular point. Now we can apply Proposition 7, which implies
flexibility of Eh,m.
The following corollary is a particular case of Proposition 7.
Corollary 3. Suppose a linear algebraic group G acts on an AMDS X. Assume for every
G-orbit O ⊆ X consisting of regular points there is a non-hyperbolic Gm-subgroup Λ in
Aut(X) such that the set of Λ-fixed points is the closure O. Then X is flexible.
Now we use our technique to prove flexibility of a normal affine complexity-zero horo-
spherical variety without nonconstant invertible functions.
Theorem 3. Let X be a normal affine complexity-zero horospherical variety of a connected
group G. Assume X does not admit any nonconstant invertible functions. Then X is
flexible.
Proof. As we have mentioned in Section 2, we can assume that G = T × G′, where T is a
torus and G′ is a connected semisimple group.
Let P be a subsemigroup in X(B)+ corresponding to X and σ be the cone spanned by
P in the space V = X(B)+ ⊗Z Q, see Section 2.
Let O ⊆ X be a G-orbit consisting of regular points. Then O corresponds to a face τ of
σ. There is a linear function l on V such that l |τ= 0 and l has positive integer values at
all elements of P \ τ . Let us consider a Z-grading of K[X ] given by l, that is
K[X ]i =
⊕
p∈P,l(p)=i
Sp.
We have I(O) =
⊕
i>0K[X ]i. This Z-grading corresponds to a non-hyperbolic Gm-action.
The set of Gm-fixed points is the set of zeros of
⊕
i>0K[X ]i, i.e. O. Since X admits a locally
transitive action of a reductive group by Proposition 6 it is an AMDS. By Corollary 3 X is
flexible.

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